Abstract. In this paper, we study norm almost periodic measures on locally compact Abelian groups. First, we show that the norm almost periodicity of µ is equivalent to the equi-Bohr almost periodicity of µ * g for all g in a fixed family of functions. Then, we show that, for absolutely continuous measures, norm almost periodicity is equivalent to the Stepanov almost periodicity of the Radon-Nikodym density. We complete the paper by looking at norm almost periodic measures of spectral purity.
Introduction
The discovery of quasicrystals in Nature [25] emphasised the need for a better understanding of physical diffraction, especially for systems with pure point diffraction. Over the last two decades, tremendous amount of work has been done in this direction, and the connection between pure point diffraction and almost periodicity has become clear (see for example [5, 9, 13, 14, 15, 16, 19, 31, 26, 27] to name a few).
Given a translation bounded measure ω, its diffraction is defined as the Fourier transform γ of the autocorrelation measure γ [11] (see the monographs [2, 3, 12] for general background of mathematical diffraction theory). We say that ω is pure point diffractive if the diffraction measure γ is a pure point measure, and this is equivalent to the strong almost periodicity of the autocorrelation measure γ [5, 10, 19] . For measures with Meyer set support, this is also equivalent to the (simpler to check) norm almost periodicity of γ [5] . This makes strong and norm almost periodicity of interest to us.
While strong almost periodicity seems to be the natural concept to study due to the direct connection with pure point diffraction, norm almost periodicity appeared in a natural way in the study of measures coming from cut and project schemes [31] , and diffraction of measures with Meyer set support [32] . Because of this, a better understanding of norm almost periodicity is also important. It is known that norm almost periodicity is a stronger concept than strong almost periodicity [5] , and that for measures with Meyer set support the two concepts are equivalent [5, 31] . This suggests that there is a deeper connection between these two concepts, a connection which has not been investigated, yet. It is our goal in this paper to look closer at the relation between norm and strong almost periodicity.
Recall that a translation bounded measure µ is called strongly almost periodic if , for each compactly supported continuous function f , the convolution µ * f is a Bohr almost periodic function. In Theorem 3.11 we prove that a translation bounded measure µ is norm almost periodic if and only if the set {µ * f | f continuous, f ∞ 1, supp(f ) ⊆ U }, where U is a fixed but arbitrary precompact set, is equi-Bohr almost periodic (meaning that, for each ε > 0, the set of common ε-almost periods of the entire family is relatively dense). To achieve this characterisation, we provide in Corollary 3.2 and Proposition 3.3 new formulas for µ U , where U is a fixed precompact open set. We want to emphasise here that, while in the literature this norm is typically defined using a compact set K with non-empty interior, our choice of working with precompact open sets leads to simpler and more useful formulas (see Cor. 3.2 and Prop. 3.3) and therefore it is, in our opinion, more useful. Moreover, any two precompact sets X, Y with non-empty interior define equivalent norms · X and · Y , respectively, and therefore the choice of a compact set K with non-empty interior or a precompact open set U is irrelevant for the concept of norm almost periodicity.
We continue by looking at the norm almost periodicity of absolutely continuous measures. We show that, given an absolutely continuous measure µ with density function f ∈ L 1 loc (G), the measure µ is norm almost periodic if and only if f is a Stepanov almost periodic function. We also prove that if the density function is uniformly continuous and bounded, then norm almost periodicity of µ is also equivalent to the Bohr almost periodicity of f and to the strong almost periodicity of µ.
We complete the paper by looking at some consequences of these results for the diffraction of measures with Meyer set support.
Preliminaries
Throughout the paper, G denotes a second countable, locally compact (Hausdorff) Abelian group. The metric on G can be chosen such that it is translation invariant and all the balls are pre-compact [28] , and we assume that this holds. The associated Haar measure is denoted by | · | or θ G .
We use the familiar symbols C c (G) and C u (G) for the spaces of compactly supported continuous and bounded uniformly continuous functions, respectively, which map from G to C. For any function g on G, the functions T t g and g † are defined by
A measure µ on G is a linear functional on C c (G) such that, for every compact subset K ⊆ G, there is a constant a K with
Here, g ∞ denotes the supremum norm of g. For a measure µ on G, we define T t µ and µ † by
Moreover, a measure µ on G is called translation bounded if sup t∈G |µ|(t + K) < ∞ holds for every compact subset K ⊆ G, where |µ| denotes the total variation of µ. The space of all translation bounded measures on G is denoted by M ∞ (G). Now, as mentioned in the Introduction, there are different notions of almost periodicity.
is called strongly almost periodic if the closure of {T t f | t ∈ G} is compact in the strong topology. The spaces of strongly almost periodic functions on G is denoted by SAP(G).
Remark 2.2. Note that a function f ∈ C u (G) is strongly almost periodic if and only if it is Bohr almost periodic, i.e. for each ε > 0, the set
Definition 2.1 carries over to measures.
Definition 2.3.
A measure µ is called strongly almost periodic if, for all f ∈ C c (G), the function f * µ is a strongly almost periodic function. We will denote by SAP(G) the space of all strongly almost periodic measures.
Later, we will compare this notion of almost periodicity with the following stronger version.
Definition 2.4. Let K ⊆ G be a compact subset with non-empty interior. A measure µ ∈ M ∞ (G) is called norm almost periodic if, for all ε > 0, the set
Here, for a translation bounded measure ν ∈ M ∞ (G), its K-norm (see [5, 31] for more details and properties of this) is defined as
Last but not least, we need to define the convolution of two measures. Definition 2.5. Let µ and ν be two measures on G. We define their convolution by
when the (double) integral exists for all f ∈ C c (G).
Strong versus norm almost periodicity
In this section, we show that norm almost periodicity is some 'uniform' version of strong almost periodicity. We start by proving the following Lemma. 
Proof. : First, for any such g we have
: Let ε > 0 by arbitrary. By the inner regularity of |µ|, there exists a compact set
Next, we can find some f ∈ C c (G) such that 1 K f 1 U , and hence
Now, since f 0, we have
Therefore, there exists a g ∈ C c (G) such that |g| f and
Thus, one has
and |g| f 1 U . Since ε > 0 was arbitrary, this proves the claim.
As we will often deal with functions of this type, we will use the following notation:
As a consequence we get the following simple result, which will be important in our study of norm almost periodicity.
Corollary 3.2. Let U ⊆ G be an open and precompact subset. Then, for all
Proof. The first equality is just Lemma 3.1. The second and third equality follow from standard properties of the supremum.
We next show that each measure µ induces an operator T µ on the space of continuous functions supported inside −U , and that µ U is just the operator norm T µ . This allows us give alternate formulas for µ U . For simplicity, we denote by 
Then, one has
In particular, this gives
Proof. First note that g → g † defines an isometric isomorphism between C(G : −U ) and C(G : U ). It follows immediately from Corollary 3.2 that
This yields
Now, since µ ∈ M ∞ (G), we have µ * g ∈ C u (G) for all g ∈ C c (G) [10, 19] . Therefore, T µ is well defined, and it is easy to see that T µ is linear.
Next, we have
Hence, F −U is the unit ball in the normed space (C(G : −U ), · ∞ ). Therefore, by Eq. (3.1), we get
Finally, the last claim follows from standard equivalent definitions of the operator norm on normed spaces.
Recall that, for a measure µ, we can define
Similarly, for a f ∈ C u (G), we can define
Remark 3.4.
(i) Sometimes the set of ε-almost periods is defined with strict inequality. It is easy to see that the notion of almost periodicity is independent of the choice of or <.
(ii) Usually, the norm · K and norm almost periodicity are defined using compact sets K. Working with open pre-compact sets makes our computations below much simpler.
Let us emphasise that our choice of open pre-compact sets does not matter when working with the norm topology. The following result is proved in [5] for compact sets and the same proof works for pre-compact sets. Proof. It is obvious that · A defines a semi-norm, and since it has non-empty interior it is a norm. Now, since A and B are pre-compact and have non-empty interior, each set can be covered by finitely many translates of the other. Let N be the number of translates needed for both coverings. Then, it is straightforward to see that 1
Next we prove the following Lemma.
Lemma 3.6.
Proof. Let
The equality P U ε (µ) = B U ε is an immediate consequence of Corollary 3.2 because
Therefore, we have
Remark 3.7. If U is symmetric, i.e. −U = U , we can replace g † by g. Since we are interested in norm almost periodicity, which by Lemma 3.5 does not depend on the choice of U , we can assume without loss of generality that U is symmetric.
For the rest of the section we will assume that U = −U .
Next, we show that to check that a measure is strongly almost periodic, it suffices to check using only F U as test functions.
Proof. By definition, the given property is necessary for µ to be a strongly almost periodic measure. It is also sufficient. If f ∈ C c (G) it is easy to show that there exist elements c 1 , . . . , c m ∈ C, t 1 , . . . , t m ∈ G and g 1 , . . . , g m ∈ F U such that
Indeed, since supp(f ) is finite, we can find a finite open cover supp(f ) ⊆ m j=1 (−t j + U ). By a standard partition of unity argument, we can find h 1 , .., h m ∈ C c (G) such that We now introduce the concept of equi-Bohr almost periodicity. Definition 3.9. Let G ⊆ SAP(G) be any family of functions. We say that G is equi-Bohr almost periodic if, for each ε > 0, the set
is relatively dense.
Remark 3.10. It is obvious that
P ε (G) = f ∈ G P ε (f ) .
Theorem 3.11. Let µ ∈ M ∞ (G). Then, µ is norm almost periodic if and only if the family
Proof. This is an immediate consequence of Lemma 3.6. Indeed, we have
The claim follows.
Remark 3.12. Now, Proposition 3.8 and Theorem 3.11 tell us the following about a measure µ ∈ M ∞ (G).
(i) µ is strongly almost periodic if, for all ε > 0, the set P ε (µ * g) is relatively dense in G for all g ∈ F U . (ii) µ is norm almost periodic if, for all ε > 0, the set g ∈ F U P ε (µ * g) is relatively dense in G.
We complete the section by providing an alternate simpler proof for [32, Prop. 6.2].
Proposition 3.13. Let µ be a norm almost periodic measure and ν a finite measure. Then, µ * ν is norm almost periodic.
Proof. Let ε > 0. Since µ is norm almost periodic, there is a relatively dense set S such that
Consequently, µ * ν is almost periodic.
Norm almost periodic measures of spectral purity
In this section, we look at norm almost periodic measures of spectral purity. We prove that an absolutely continuous translation bounded measure is norm almost periodic if and only if its Radon-Nikodym density is Stepanov almost periodic. This gives a simple characterisation for absolutely continuous norm almost periodic measures.
The class of pure point norm almost periodic measures was investigated in [31] , and we review their connection to CPS below. The class of norm almost periodic singular continuous measures remains mysterious.
4.1.
On absolutely continuous norm almost periodic measures. In this section, we give a characterisation of norm almost periodicity for absolutely continuous measures in terms of L 1 -Stepanov almost periodicity.
Let us first recall that a function f ∈ L 1 loc (R) is called Stepanov almost periodic if, for each ε > 0, the set
is relatively dense. It is well known that working over intervals of arbitrary length does not change the class of Stepanov almost periodic functions [6] .
Let us first extend this definition to arbitrary LCAGs. 
We will see also below that the norm f U we defined here is just the measure norm f θ G U .
In particular, we obtain
As an immediate consequence we get the following result. 
Finally, for measures with uniformly continuous and bounded Radon-Nikodym density, we get the following simple characterisation. 
This allows us to construct many examples of such measures.
4.3. Singular continuous norm almost periodic measures. Unfortunately, we don't have a good understanding of norm almost periodic singular continuous measures. It is easy to construct examples of such measures. Indeed, pick any pure point norm almost periodic measure ω, which can be constructed by the method of Theorem 4.6. Let ν be any finite singular continuous measure. Then ω * ν is a singular continuous measure which is norm almost periodic by Proposition 3.13.
If ω is positive and has dense support, which can easily be assured, and ν is positive, then ω * ν has dense support.
One another hand, picking ω = δ Z and ν a singular continuous measure with Cantor set support, then ω * ν does not have dense support.
Recall that if the sets of norm almost periods of µ are locally finite, for ε small enough, then they are model sets in the same CPS. While this seems to be the case for many norm almost periodic singular continuous measures, it is not always true. Indeed, δ Z ⊗ λ is norm almost periodic and singular continuous, but the sets of almost periods contain Z × R.
Diffraction of measures with Meyer set support
In this section, we look at the consequences of the previous sections for the diffraction of measures with Meyer set support. Let us start by recalling the following result. As a consequence we get. (i) There exists some CPS ( G, H, L) and some h ∈ C 0 (H) such that
(ii) There exists an L 1 -Stepanov almost periodic function f such that
Remark 5.3. It follows from [32] that there exists a CPS ( G, H, L) and some function h ∈ C 0 (H) such that f = ω h * f 1 and ( µ) sc = ω h * ν where f is the Radon-Nikodym density of the absolutely continuous part ( µ) ac , f 1 ∈ L 1 ( G) and ν is a finite singular continuous measure.
